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Abstract
This paper presents the stability analysis based on impedance representation of a single phase inverter operating as
voltage source, where the Nyquist criteria can be applied. The method can be used to study the stability of a micro-grid
dominated by power electronics in isolated operation mode. First, a small signal input impedance model is described.
The second methodology applies no energy storage at the AC and DC side of the inverter. For twomethods a comparative
evaluation with the measured impedance was realized. The obtained results show that the proposed method of no energy
storage can be employed in the studies of stability for micro grid systems.
c© 2011 Published by Elsevier Ltd.
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1. Introduction
Low to medium voltage distribution systems with the application of distributed generation (DG), smart
metering devices, electrical vehicles, and controlled loads are changing their main structure and behavior.
The application of these systems produce as a result a modern form to coordinate the system operation. One
of this concepts is the use of multiple small grids sharing the power locally produced. Also, this small grid
is called the micro-grid. Inside the micro-grid the power can be produced or consumed in a locally form.
The operation mentioned above is known as the island mode. On the other hand is the interconnection with
the part of the distribution system through a coupler or switch.
The micro-grid architecture can have diﬀerent topologies. One of the topologies is described by the inter-
connection of the DG, the storage systems and loads to a DC bus [1, 2] (in Fig. 1). A second case have
the distribution systems with AC coupling points, the conﬁguration adopts the radial and ring as the main
structure of the micro-grid [3]. Finally other structure that uses AC and DC buses together, and where DC
and AC are coupled trough a AC/DC bidirectional power electronic converter is presented in [4].
A system with the characteristics described above, uses multiple power electronics converters to control the
power ﬂow. These systems need the study of their stability, and has not reached the maturity of its prede-
cessor (i.e. the classical power system) due to the non-linear characteristic of the power electronic devices
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Fig. 1. Micro-grid structure in isolated mode.
[5]. Some literature has been developed about the stability of DC systems [6, 7, 8], and a continuously
monitoring of the small signal stability is proposed, the stability is monitored and warranted by avoiding to
cross a frequency response margin criteria that uses the current or the voltage as parameters. In [9] a review
of the methods employed to analyze the stability of systems with electronic devices is presented. One of the
methodologies is the phasor modeling for electronic circuits with ﬁring angle and harmonics consideration,
but this makes more complex and larger the models. Another methodology employed in [10] carries the
analysis of the system on the dq reference frame, averages the duty ratio, linearizes the system around an
operation point, and with a matrix representation applies a generalized Nyquist criteria.
Impact of the instability derived from converter control-grid interaction, and from constant power behavior
have also been reported in [11, 12, 13] based on linear analysis.
This paper is organized as follows, Section 2 provides the model of the single phase voltage source con-
verter (VSC). Section 3 shows the linear approximation in Laplace variable domain, and the frequency
domain representation based on the principle of harmonic balance [14, 15]. Section 4 presents the topology
of the micro-grid used. Section 5 describes the method to measure the impedance by simulation and the
stability criteria. In Section 6 the simulation results for both methods are veriﬁed. Finally, in section 7,
conclusions highlight the contributions of this paper.
2. Inverter model
The inverter is supplied by a DC source in series with a source impedance with a resistive (Rs) and
inductive (Ls) behavior (Fig. 2). This impedance represents the characteristic of the system seen from the
DC link to the generation side. The inverter has at the input side a parallel capacitor (C) and at the output
side an inductance (L) followed by a ﬁlter capacitor Cf , and the AC load. Also the analysis can be realized
for diﬀerent ﬁlters.
The equation of the DC current and the AC voltage are presented in (1), and (2) respectively, and are
function of the duty ratio.
idc(t) = (2d − 1)iL(t) (1)
vac(t) = (2d − 1)vdc(t) (2)
where d is the pulse width modulation (PWM) signal d = {1, 0}, and the sign signal is sgn = (2d − 1); the
variable iL is the time variable current in the inductor L at the AC side of the inverter, idc(t) is the input
current of the inverter after the DC capacitor, vdc(t) is the voltage of the capacitor and the vac(t) is the AC
voltage in the terminals of the inverter, before the ﬁlter and inverter inductance. Using (1), and (2) the
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Fig. 2. Source and single phase inverter system for input impedance modeling.
inverter is described by the steady state variables. Where the input and output equations are (3), and (4)
respectively.
C
d
dt
vdc(t) = is(t) − sgniL(t) (3)
L
d
dt
iL(t) = sgnvdc(t) − vz(t) (4)
where is(t) is the source current, and vz(t) is the voltage in the ﬁlter capacitor.
3. Small signal impedance representation
3.1. Linear Model
In the case presented in this work the aim is to ﬁnd an input impedance for the inverter described in
Fig. 2. Then, using (3), deﬁning iL(t) in the Laplace domain as (5); where Zac(s) is the impedance at the
terminals of the AC side of the inverter, and the average of the voltage loop to relate the AC voltage with the
DC voltage as (6); m is the amplitude modulation ratio, and km is the average switching control. A linear
output equation in therms of the source current and the DC voltage is found (7).
IL(s) =
Vac(s)
Zac(s)
(5)
kmVac(s) = mVdc(s) (6)
Is(s) =
(
Cs +
m
Zac(s)
)
Vdc(s) (7)
From (7) an input impedance model can be derived, this impedance is seen at the terminals of the capacitor
in the DC side (8).
Zdc(s) =
(
Cs +
m
Zac(s)
)−1
(8)
The ﬁnal impedance model does not have transfer function of the controller in (8); due that comparison
voltage control is assumed. Finally an impedance model that relates the AC impedance with the DC side of
the converter is obtained.
3.2. Frequency model by no energy storage principle
The approximation of the DC side input impedance of the single phase inverter is obtained by the as-
sumption employed in [16] and [17], where is used no energy stored in the ﬁlters of the DC and AC side, it
can be seen in (9).
vdc(t)idc(t) = vab(t)iab(t) (9)
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where vdc(t) is presented as a time variable signal like (10) in order to include a sinusoidal perturbation
voltage applied from the DC side to obtain the small signal impedance, vab(t), and iab(t) are the voltage and
current at the AC side. Then, the current at the DC side is expected to be time variable.
vdc(t) = Vd + Vpcos(ωpt) (10)
The PWM signals are obtained by comparing a triangular waveform vtri(t) with peak value Vtri and the
general control voltage representation is vCk(t) = VCcos(ωet − γk) in which k = {a, b} for a single phase and
γk = {0, 180} degrees; where the duty ratio in the average representation can be written as is show in (11)
[17].
dk(t) = 0.5 + 0.5
VC
Vtri
cos(ωet − γk) (11)
Using the duty ratio of (11) and the time variable DC voltage to obtain the phase to DC neutral voltages
(12), and (13) are obtained.
vkN(t) =dk(t)vdc(t) (12)
vkN(t) =
Vd
2
+
VdVC
2Vtri
cos(ωet − γk) + Vp2 cos(ωpt) +
VpVC
8Vtri
[
2cos
(
(we + wp)t − γk
)
+
2cos
(
(we − wp)t − γk
)]
(13)
Then the average single phase voltage at load terminals, is as (14), where the perturbation signal frequency
component is kept.
vab(t) =vaN(t) − vbN(t) = VdVCVtri cos(ωet) +
VpVC
2Vtri
[
cos
(
(we + wp)t
)
+ cos
(
(we − wp)t
)]
(14)
In (14) there are three frequency components and each signal has its respective maximum value. To facilitate
the use of (14), it is written as (15), where V1  V2, and V2 = V3.
vab(t) =V1cos(ωet) + V2cos
(
(we + wp)t
)
+ V3cos
(
(we − wp)t
)
(15)
Assuming that the system has a linear part the current is expected to have the same frequency compo-
nents that the voltage, and its respective lagged load angle. Also, the magnitude of the current in its re-
spective frequency is assumed to be proportional to the magnitude of the impedance at the same frequency.
Hence the current in each phase is (16).
iab(t) =I1cos(ωet − φ1) + I2cos
(
(we + wp)t − φ2
)
+ I3cos
(
(we − wp)t − φ3
)
(16)
The magnitudes I1, I2, and I3 in (16) are functions of the AC load, and their respective frequency component.
The impedances are represented as Z1(ωe), Z2(ωe + ωp), and Z3(ωe − ωp). Therefore, the angles of the load
are φ1(ωe), φ2(ωe + ωp), and φ3(ωe − ωp).
In order to evaluate the left hand side of (9), the time variable DC current is assumed as in (17) with a
constant component Id, a perturbation value Ip, and a lagged angle φp.
id(t) = Id + Ipcos(ωpt − φp) (17)
The evaluation of (10), and (17) in the left hand side of (9) is presented in (18).
pdc(t) =IdVd +
1
2
IpVpcos(φp) + IdVpcos(ωpt)+
IpVdcos(ωpt − φp) + 12 IpVpcos(2ωpt − φp) (18)
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Equation (16) is used to represent the AC current proportional to the voltage and the impedance mag-
nitudes at each frequency component. Finally, the AC power is represented in (19) by the use of (15) and
(16).
pac(t) =
1
2
[ V1I1
(
cos
(
2ωt − φ1) + cos(φ1))+
V2I1
(
cos
(
(2ω + ωp)t − φ1) + cos(ωpt + φ1)) + V3I1(cos((2ω − ωp)t − φ1) + cos(ωpt − φ1))+
V1I2
(
cos
(
(2ω + ωp)t − φ2) + cos(ωpt − φ2)) + V2I2(cos(2(ω + ωp)t − φ2) + cos(φ2))+
V3I2
(
cos
(
2ωt − φ2) + cos(2ωpt − φ2)) + V1I3(cos((2ω − ωp)t − φ3) + cos(ωpt + φ3))+
V2I3
(
cos
(
2ωt − φ3) + cos(2ωpt + φ3)) + V3I3(cos(2(ω − ωp)t − φ3) + cos(φ3)) ] (19)
The aim of this case is to ﬁnd the perturbation current in therms of the load angles at the AC side. This is
possible relating the fourth therm of the right hand side of (18), and the therms with the same frequency
component, and in the approximated range of magnitude in (19). Then the approximation can be described
as (20).
IpVdcos(ωpt − φp) ≈ 12
[
V1I2cos(ωpt − φ2) + V1I3(ωpt + φ3)] (20)
Replacing V1 = mVd, with m = VC/Vtri, taking into account that I2 = Vpm/(2Z2) , and I3 = Vpm/(2Z3), and
applying the division by Vd, a function for the perturbation current in complex notation is obtained in (21).
Ip =
m
2
(
I2e− jφ2 + I3e jφ3
)
(21)
With the complex notation it is possible to ﬁnd an analytical impedance for small frequency signal, using
(22).
Zdc(ω) =
Vp(ω)
Ip(ω)
(22)
4. Micro-grid conﬁguration
The micro-grid structure has a main AC source and three non-linear loads, one of this loads is a constant
power load (i.e. has a voltage source inverter controlling an induction motor), the second is a VSC control-
ling the voltage of a three phases residential balanced load (e.g. a resistive type). Finally, the third load is
the system consider for stability analysis and is composed by a single phase inverter feeding an RL load.
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Fig. 3. DC micro-grid used for the stability test.
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5. Impedance measurement and stability criteria
The impedance is determined by the application of an ideal source with a frequency component. This
source is a current or voltage type (ip or vp respectively), and with sinusoidal behavior where the component
is denominated the perturbation. The magnitude has to be small with respect to the nominal value of the
system. The frequency is chosen as fp varying in a range. The input voltage and current are measured
at the DC side of the grid or the VSC. Their Fourier transform are computed. Finally the values at the
perturbation frequency determines the input impedance of the inverter for small signal stability analysis or
output impedance of the grid [7, 18]. The current or voltage injection to obtain the impedance for the VSC
is presented in Fig. 4, and for the grid is shown in Fig. 5.
−
+
vpip( fp) CZL
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L
iL
C f load
+
−
vz
Fig. 4. Perturbation source for impedance measurement.
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Fig. 5. DC micro-grid impedance measurement.
The stability is analyzed with the Nyquist criteria used in [10, 19], where the full system is partitioned
into a source and a load subsystem, described by a Thevenin equivalent system in the case in which the
source is considered voltage type and a Norton equivalent system in which the source is considered current
type, as is shown in Fig. 6.
For voltage source type the analysis has to be realized over the Thevenin circuit and the voltage applied to
the load subsystem is calculated in (23), where VL is the voltage in the load, Zs is the output impedance of
the source, and ZL is the input impedance of the load.
VL =
1
1 + ZsZL
Vs (23)
The relation Zs/ZL is used to realize the stability analysis, if its Nyquist plot counterclockwise encircles the
point −1+ j0 then the system has an instability. And in case of use the Norton equivalent circuit the current
in the load IL is (24), where Is is the source current.
IL =
1
1 + ZLZs
Is (24)
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Fig. 6. Equivalent circuits representation to stability, (a) Thevenin, and (b) Norton.
6. Simulation results
The parameters for the system are presented in the Table 1. The load used is a type of RL, and the values
are: R = 2Ω and L = 1mH.
Table 1. Parameters for the system.
Parameter Value unit
C 2000 μF
L 2 mH
Cf 2 μF
Vp 1 V
Vdc 300 V
Vac 260 V
The micro-grid described in section 4 was modeled by the complete model without average representa-
tions. The impedance was measured at the terminals speciﬁed in Fig. 5. The behavior for the impedance
magnitude is shown in Fig. 7, and the phase angle is presented in Fig. 8.
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Fig. 7. Magnitude impedance Zs.
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The input impedance ZL for the VSC represented by the measured (ZLm), the average model (ZLa) and
the theoretical no energy storage approach (ZLt) is in Fig. 9 and Fig. 10. The no-energy storage (NoEs)
impedance algorithm takes into account the component that appears at the double natural frequency in the
DC side. Then, at ω = 4π fn the impedance is calculated using the component for the perturbation signal
plus the sinusoidal at two times fn, using fn as the nominal frequency at the AC side.
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Fig. 9. Impedance magnitude ZL.
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Fig. 10. Phase angle impedance ZL.
The Nyquist behavior of the ratio between each input impedance and the measured source impedance
is shown in Fig. 11, the frequency is in the range shown above for the impedance responses. Also, the
Thevenin representation was selected due to that the control of the VSC feeding the DC bus keeps the
voltage in 300V . An ampliﬁed view from Fig. 11 is presented in Fig. 12. The stable margin region deﬁned
in [7] is the shadowed circle (e.g. the margin 6dB in gain and 30o in phase). IT is easy to observe that
the future application of the single phase inverter in the DC micro-grid will cause stability problems. The
analytical method NoEs predicts the instability more accurate than the average model.
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and the stability margin.
7. Conclusions
An approximation of the input impedance inside a frequency range for small signal impedance compu-
tation was applied. Hence, was possible to study the stability of the coupled micro-grid systems with an
analytical tool.
A careful selection has been taken at the instant of choosing the equivalent source subsystem (Thevenin or
Norton), due to the impedance ratio could present a mislead response, if at a considered frequency range the
system reaches the stability margin.
The reduced order modeling and the assumption of no energy storage were presented as a solution in the
analysis of the stability of a single phase inverter used in micro-grids.
The performance of the resulting impedance by no energy storage was compared with the known method of
reduced order modeling, and the results were satisfactory to employ the ﬁrst one as a simple way to analyze
the stability by the Nyquist criteria.
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The impedance algorithm of no energy storage takes into account the frequency component at twice the
natural frequency and its behavior is satisfactory inside the frequency range selected.
Future work will use time domain signals from the micro-grid and represents the stability analysis. And,
will analyze the eﬀect of the delay over the approximation.
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